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1 I ntr oduction and main r esults

L e t X,X1,X2, ... b e a s e qu e n c e o f n o n -d e g e n e r a t e i.i.d . r a n d o m va r ia b le s wit h EX = 0 a n d

le t Sn =
∑n

j=1 Xj, n ≥ 1 , d e n o t e t h e ir p a r t ia l s u m s . Th e c la s s ic a l we a k in va r ia n c e p r in c ip le

in p r o b a b ilit y s t a t e s t h a t , o n a n a p p r o p r ia t e p r o b a b ilit y s p a c e , a s n → ∞,

s u p
0≤t≤1

∣

∣

∣

S[nt]√
nσ

− W ( nt)√
n

∣

∣

∣ = oP ( 1 ) if a n d o n ly if V ar ( X ) = σ2 < ∞, ( 1 )

wh e r e {W ( t) , 0 ≤ t < ∞} is a s t a n d a r d W ie n e r p r o c e s s . Th is in va r ia n c e p r in c ip le in p r o b -

a b ilit y is a s t r o n g e r ve r s io n o f D o n s ke r ’s c la s s ic a l Fu n c t io n a l Ce n t r a l L im it Th e o r e m . Th e

n o r m a liz e r ( nσ2 ) −1/2 in ( 1 ) is t h a t o f t h e c la s s ic a l c e n t r a l lim it t h e o r e m wh e n V ar ( X ) < ∞.

In vie w o f ( 1 ) , it is n a t u r a l t o s e e k c o n d it io n s fo r h a vin g t h e fo llo win g we ig h t e d a p p r o xi-

m a t io n :

s u p
0<t≤1

∣

∣

∣

S[nt]√
nσ

− W ( nt)√
n

∣

∣

∣

/

q ( t) = oP ( 1 ) , n → ∞, ( 2 )

wh e r e q ( t) is a n o n -n e g a t ive fu n c t io n o n ( 0 , 1 ] a p p r o a c h in g z e r o a s t ↓ 0 . In t h is d ir e c t io n ,

u s in g t h e m e t h o d s d e ve lo p e d b y Cs ¨o r g ˝o , Cs ¨o r g ˝o , H o r v́a t h a n d Ma s o n [Cs Cs H M] ( 1 9 8 6 ) , a n d

s u b s e qu e n t ly b y Cs ¨o r g ˝o a n d H o r v´a t h ( 1 9 8 6 ) , fo r we ig h t e d e m p ir ic a l a n d qu a n t ile p r o c e s s e s ,

t o g e t h e r wit h t h e K o m ĺo s , Ma jo r a n d Tu s n ´a d y [K MT] ( 1 9 7 6 ) a n d Ma jo r ( 1 9 7 6 ) s t r o n g

a p p r o xim a t io n s fo r p a r t ia l s u m p r o c e s s e s , Cs ¨o r g ˝o a n d H o r v́a t h ( 1 9 8 8 ) c o n c lu d e d t h a t , o n a n

a p p r o p r ia t e p r o b a b ilit y s p a c e , a s n → ∞,

s u p
1/n≤t≤1

nµ
∣

∣

∣

S[nt]√
nσ

− W ( nt)√
n

∣

∣

∣

/

t1/2−µ = OP ( 1 ) , ( 3 )

fo r a n y 0 ≤ µ ≤ 1 / 2 − 1 /r, if we a s s u m e E|X|r < ∞ fo r s o m e r > 2 .

L e t Q b e t h e c la s s o f p o s it ive fu n c t io n s q ( t) o n ( 0 , 1 ], i.e ., in fδ≤t≤1 q ( t) > 0 fo r 0 < δ < 1 ,

wh ic h a r e n o n d e c r e a s in g n e a r z e r o , a n d le t

I ( q, c) =
∫ 1

0+
t−1 e xp

(

−cq2 ( t) /t
)

dt, 0 < c < ∞.

B y vir t u e o f t h e r e s u lt ( 3 ) , we h a ve t h e fo llo win g fa c t : if E|X|r < ∞ fo r a n y r > 2 a n d

q ∈ Q s u c h t h a t I ( q, c) < ∞ fo r a n y c > 0 , t h e n t h e c la im ( 2 ) h o ld s t r u e . W e m e n t io n t h a t

q ∈ Q s u c h t h a t I ( q, c) < ∞ fo r a n y c > 0 is t h e t h e o p t im a l c la s s o f we ig h t fu n c t io n s a s in

Cs Cs H M ( 1 9 8 6 ) t o m a ke ( 2 ) t r u e . Fo r m o r e d e t a ils a lo n g t h e s e lin e s , we r e fe r t o S z ys z ko wic z
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( 1 9 9 1 , 1 9 9 2 , 1 9 9 6 , 1 9 9 7 ) wh e r e , b y a d iffe r e n t m e t h o d , t h e r e s u lt ( 2 ) is a ls o e s t a b lis h e d fo r

t h e o p t im a l c la s s o f we ig h t fu n c t io n s a s s u m in g o n ly t h e e xis t e n c e o f t wo m o m e n t s .

In t h is p a p e r , we e s t a b lis h a r e s u lt wh ic h is s im ila r t o ( 2 ) o n ly u n d e r t h e a s s u m p t io n t h a t

X b e lo n g s t o t h e d o m a in o f a t t r a c t io n o f t h e n o r m a l la w, wr it t e n X ∈ D A N t h r o u g h o u t . In

fa c t , it is we ll-kn o wn t h a t X ∈ D A N wit h EX = 0 if a n d o n ly if t h e r e e xis t s a s e qu e n c e o f

c o n s t a n t s dn ↑ ∞ s u c h t h a t , a s n → ∞, Sn/dn →D N ( 0 , 1 ) . It is n a t u r a l t o a s k wh e t h e r

a s im ila r ve r s io n o f t h e we ig h t e d a p p r o xim a t io n ( 2 ) c o u ld a ls o h o ld t r u e . Th r o u g h o u t t h e

p a p e r , we m a ke u s e o f t h e n o t a t io n l ( x ) = EX2I(|X|≤x), b = in f {x ≥ 1 : l ( x) > 0 },

ηj = in f
{

s : s ≥ b + 1 ,
l ( s)

s2
≤ 1

j

}

, j = 1 , 2 , ... .

a n d b2n = n l ( ηn ) . W e h a ve t h e fo llo win g t h e o r e m wh ic h p r o vid e s a n a ffi r m a t ive a n s we r t o

t h is p a r a m o u n t qu e s t io n ( c f. Co r o lla r y 1 ) .

T heor em 1 L et q ∈ Q and assume that X ∈ D AN and EX = 0 . Then, on an appropriate

probability space for X,X1, X2, · · · , a standard W iener process {W ( t) , 0 ≤ t < ∞} can be

constructed in such a way that the following statements hold true.

( a ) If I ( q, c) < ∞ for any c > 0 , then

s u p
1/n≤t≤1

∣

∣

∣S[nt]/bn −W ( nt ) /
√
n
∣

∣

∣

/

q ( t) = oP ( 1 ) . ( 4 )

( b ) If I ( q, c) < ∞ for some c > 0 , then

s u p
1/n≤t≤1

∣

∣

∣S[nt]/bn −W ( nt) /
√
n
∣

∣

∣

/

q ( t) = OP ( 1 ) . ( 5 )

( c ) If I ( q, c) < ∞ for some c > 0 , then there exists a sequence of constants τn → 0 such

that

s u p
τn≤t≤1

∣

∣

∣S[nt]/bn −W ( nt) /
√
n
∣

∣

∣

/

q ( t) = oP ( 1 ) . ( 6 )

Remar k 1. If EX2 < ∞, t h e n τn in ( 6 ) c a n b e c h a n g e d t o 1 /n. In t h is c a s e , it is

r e a d ily s e e n t h a t nσ2/b2n → 1 , a s n → ∞. H e n c e , via Th e o r e m 1 .1 o f S z ys z ko wic z ( 1 9 9 7 ) , a
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s t a n d a r d W ie n e r p r o c e s s {W ( t) , 0 ≤ t < ∞} c a n b e c o n s t r u c t e d s u c h t h a t

s u p
1/n≤t≤1

∣

∣

∣S[nt]/bn −W ( nt ) /
√
n
∣

∣

∣

/

q ( t)

≤
√
nσ

bn
s u p

1/n≤t≤1

∣

∣

∣S[nt]/
√
nσ −W ( nt) /

√
n
∣

∣

∣

/

q ( t )

+
∣

∣

∣

√
nσ

bn
− 1

∣

∣

∣ s u p
0<t≤1

∣

∣

∣n−1/2W ( nt)
∣

∣

∣

/

q ( t)

= oP ( 1 ) ,

wh e r e we m a ke u s e o f s u p 0<t≤1

∣

∣

∣n−1/2W ( nt)
∣

∣

∣

/

q ( t) = OP ( 1 ) , wh ic h fo llo ws fr o m L e m m a 3

b e lo w via h a vin g
{

n−1/2W ( nt)
/

q ( t) , 0 < t ≤ 1
} D

=
{

W ( t )
/

q ( t) , 0 < t ≤ 1
}

fo r e a c h n ≥ 1 .

H o we ve r , it is im p o s s ib le t o r e p la c e τn in ( 6 ) b y 1 /n wit h o u t fu r t h e r r e s t r ic t io n s o n X a n d / o r

q ( t) ∈ Q. In S e c t io n 2 , a n e xa m p le will b e g ive n [c f. P r o o f o f ( 7 ) ] t o s h o w t h a t ( 6 ) h o ld s in

t e r m s o f a s t a n d a r d W ie n e r p r o c e s s {W ( t) , 0 ≤ t < ∞}, b u t

s u p
1/n≤t≤1

∣

∣

∣S[nt]/bn −W ( nt) /
√
n
∣

∣

∣

/

q ( t ) �= oP ( 1 ) , ( 7 )

wit h q2 ( t ) = t lo g lo g ( t−1 ) , wh e r e lo g x = lo g ( m a x{e, x} ) h e r e , a s we ll a s t h r o u g h o u t .

Th e fo llo win g c o r o lla r ie s a r e c o n s e qu e n c e s o f Th e o r e m 1 , wh ic h a r e a ls o o f in d e p e n d e n t

in t e r e s t .

Cor ollar y 1 L et q ∈ Q. As n → ∞, the following statements are equivalent:

( a ) X ∈ D AN and EX = 0 ;

( b ) S[nt]/bn ⇒D W ( t) on ( D[0 , 1 ], ‖ /q‖) if and only if I ( q, c) < ∞ for any c > 0 , where

{W ( t) , 0 ≤ t ≤ 1 } is a standard W iener process and ‖ /q‖ is the weighted sup-norm

metric in D[0 , 1 ] defined by

|| ( x− y ) /q|| = s u p
0≤t≤1

|( x ( t) − y ( t) ) /q ( t) | ( 8 )

whenever this is well defined, i.e., when lim s u p t↓0 | ( x( t) − y ( t) ) /q ( t) | is finite;

( c ) On the probability space of Th e o r e m 1 for X,X1,X2, . . ., a standard W iener process

{W ( t) , 0 ≤ t < ∞} can be constructed in such a way that, as n → ∞,

s u p
0<t≤1

|S[nt]/bn −W ( nt) /n1/2|/q ( t ) = oP ( 1 ) ( 9 )

if and only if I ( q, c) < ∞ for any c > 0 .
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W h ile Co r o lla r y 1 is a d ir e c t c o n s e qu e n c e o f Th e o r e m 1 , we n o w s t a t e c o n ve r g e n c e in

d is t r ib u t io n r e s u lt s fo r s u p -fu n c t io n a ls o f we ig h t e d n o r m a liz e d p a r t ia l s u m s fo r t h e o p t im a l

c la s s o f we ig h t fu n c t io n s q ∈ Q s a t is fyin g lim s u p t↓0 |W ( t) |/q ( t) < ∞ a.s. ( s e e L e m m a 3 ) .

Co n s e qu e n t ly, t h e r e s u lt s t h a t fo llo w a r e n o t im p lie d b y Co r o lla r y 1 a b o ve , a n d t h e y c a n n o t

b e o b t a in e d via c la s s ic a l m e t h o d s o f we a k c o n ve r g e n c e e it h e r , fo r t ig h t n e s s in o u r we ig h t e d

s u p -n o r m is n o t g u a r a n t e e d b y L e m m a 3 .

Cor ollar y 2 L et {W ( t) , 0 ≤ t < ∞} be a standard W iener process, X ∈ D AN and EX = 0 .

( a ) If q ∈ Q, then there exists a sequence of positive constants τn → 0 such that, as n → ∞,

b−1
n s u p

τn≤t≤1
|S[nt]|/q ( t) →D s u p

0<t≤1
|W ( t) |/q ( t) ( 1 0 )

if and only if I ( q, c) < ∞ for some c > 0 .

( b ) If q ∈ Q and q ( t) is nondecreasing on ( 0 , 1 ], then as n → ∞,

b−1
n s u p

0<t≤1
|S[nt]|/q ( t) →D s u p

0<t≤1
|W ( t ) |/q ( t) ( 1 1 )

if and only if I ( q, c) < ∞ for some c > 0 . Consequently, as n → ∞, we have

b−1
n s u p

0<t≤1
|S[nt]| / ( t lo g lo g ( t−1 ) ) 1/2 →D s u p

0<t≤1
|W ( t) | / ( t lo g lo g ( t−1 ) ) 1/2.

Remar k 2. Co r o lla r y 2 r h ym e s wit h Co r o lla r y 1 .1 o f S z ys z ko wic z ( 1 9 9 7 ) , wh e r e X is

a s s u m e d t o h a ve t wo m o m e n t s . It r e m a in s a n o p e n p r o b le m wh e t h e r s u p τn≤t≤1 in ( 1 0 ) c a n

b e im p r o ve d t o s u p 0<t≤1 wit h o u t fu r t h e r r e s t r ic t io n s o n X a n d / o r q ( t) ∈ Q.

Remar k 3. Th e m a in r e s u lt s o f Co r o lla r y 1 we r e a n n o u n c e d wit h o u t p r o o fs in Cs ¨o r g ˝o ,

S z ys z ko wic z a n d W a n g [Cs S z W ] ( 2 0 0 4 ) , wh e r e we r e vie we d we ig h t e d a p p r o xim a t io n s a n d

s t r o n g lim it t h e o r e m s fo r s e lf-n o r m a liz e d p a r t ia l s u m p r o c e s s e s . It is in t e r e s t in g a n d a ls o o f

in t e r e s t t o n o t e t h a t t h e c la s s o f t h e we ig h t fu n c t io n s in Co r o lla r y 2 is b ig g e r t h a n t h a t in

Co r o lla r y 1 . S u c h a p h e n o m e n o n wa s fi r s t n o t ic e d a n d p r o ve d fo r we ig h t e d e m p ir ic a l a n d

qu a n t ile p r o c e s s e s b y Cs Cs H M ( 1 9 8 6 ) a n d t h e n b y Cs ¨o r g ˝o a n d H o r v́a t h ( 1 9 8 8 ) fo r p a r t ia l

s u m s o n a s s u m in g E|X|v < ∞ fo r s o m e v > 2 . Fo r m o r e d e t a ils a lo n g t h e s e lin e s , we r e fe r

t o S z ys z ko wic z ( 1 9 9 1 , 1 9 9 6 , 1 9 9 7 ) , a n d t o Cs ¨o r g ˝o , N o r va ǐs a a n d S z ys z ko wic z ( 1 9 9 9 ) .
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W e n e xt c o n s id e r a p p lic a t io n s o f Th e o r e m 1 t o t h e s o -c a lle d s e lf-n o r m a liz e d p a r t ia l s u m

p r o c e s s e s d e fi n e d b y {S[nt]/Vn, 0 ≤ t < ∞}, wh e r e V 2
n =

∑n
j=1 X

2
j . N o t e t h a t

V 2
n /b

2
n →P 1 ( 1 2 )

if X ∈ D A N ( s e e t h e r e s u lt ( 1 8 ) in Cs S z W ( 2 0 0 3 ) , fo r e xa m p le ) . Th is , t o g e t h e r wit h

Th e o r e m 1 , yie ld s t h e fo llo win g Th e o r e m 2 . W e m e n t io n t h a t Th e o r e m 2 a n d it s c o r o lla r ie s

we r e a n n o u n c e d wit h o u t p r o o fs in Cs S z W ( 2 0 0 4 ) . W e r e s t a t e t h e m h e r e fo r c o n ve n ie n t

r e fe r e n c e a n d fu r t h e r u s e in t h e s e qu e l.

T heor em 2 Assume that X ∈ D AN and EX = 0 . Then, on the probability space of Th e o -

r e m 1 for X,X1, X2, · · · , the there constructed standard W iener process {W ( t ) , 0 ≤ t < ∞}
is such that that the following statements hold true.

( a ) L et q ∈ Q. Then, as n → ∞,

s u p
1/n≤t≤1

∣

∣

∣S[nt]/Vn −W ( nt) /
√
n
∣

∣

∣

/

q ( t)

=

{

oP ( 1 ) if I ( q, c) < ∞ for any c > 0 ,
OP ( 1 ) if I ( q, c) < ∞ for some c > 0 .

( 1 3 )

( b ) L et q ∈ Q and I ( q, c) < ∞ for some c > 0 . Then there exists a sequence of constants

τn → 0 such that as n → ∞,

s u p
τn≤t≤1

∣

∣

∣S[nt]/Vn −W ( nt) /
√
n
∣

∣

∣

/

q ( t) = oP ( 1 ) . ( 1 4 )

Cor ollar y 3 L et q ∈ Q. As n → ∞, the following statements are equivalent:

( a ) X ∈ D AN and EX = 0 ;

( b ) S[nt]/Vn ⇒D W ( t) on ( D[0 , 1 ], ‖ /q‖) if and only if I ( q, c) < ∞ for any c > 0 , where

‖ /q‖ is defined as in Co r o lla r y 1 and {W ( t) , 0 ≤ t ≤ 1 } is a standard W iener process;

( c ) On the probability space of Th e o r e m 1 for X,X1,X2, . . ., a standard W iener process

{W ( t) , 0 ≤ t < ∞} can be constructed in such a way that, as n → ∞,

s u p
0<t≤1

|S[nt]/Vn −W ( nt) /n1/2|/q ( t) = oP ( 1 ) ( 1 5 )

if and only if I ( q, c) < ∞ for any c > 0 .
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Cor ollar y 4 The conclusions of Co r o lla r y 2 continue to hold true if we replace the normal-

izing constants bn by Vn.

Remar k 4. Co r o lla r y 3 e xt e n d s Th e o r e m 1 o f Cs S z W ( 2 0 0 3 ) wh e r e we e s t a b lis h e d

a n va r ia n c e p r in c ip le in p r o b a b ilit y ve r s io n o f D o n s ke r ’s t h e o r e m fo r s e lf-n o r m a liz e d p a r t ia l

s u m p r o c e s s e s . Co r o lla r ie s 3 a n d 4 p r o vid e b a s ic t o o ls fo r in ve s t ig a t in g t h e lim it b e h a vio r

o f s t a t is t ic s t h a t a r is e in s t u d yin g t h e p r o b le m o f a c h a n g e in t h e m e a n in t h e d o m a in o f

a t t r a c t io n o f t h e n o r m a l la w. Fo r d e t a ils we r e fe r t o S e c t io n 5 in Cs S z W ( 2 0 0 4 ) .

Fo r t h e s a ke o f S t u d e n t iz e d ve r s io n s o f Th e o r e m 2 , Co r o lla r ie s 3 a n d 4 , c o n s id e r n o w t h e

s e qu e n c e Tn,t ( . ) o f S t u d e n t p r o c e s s e s in t ∈ [0 , 1 ] o n D[0 , 1 ], d e fi n e d a s

{Tn,t ( X ) , 0 ≤ t ≤ 1 } :=
{ ( 1 /

√
n)

∑[nt]
i=1 Xi

√

[1 / ( n− 1 ) ]
∑n

i=1 ( Xi − X̄n ) 2
, 0 ≤ t ≤ 1

}

=
{

∑[nt]
i=1 Xi/Vn

√

[n− ( Sn/Vn ) 2]/ ( n− 1 )
, 0 ≤ t ≤ 1

}

.

Cle a r ly, Tn,1 ( X ) is t h e fa m ilia r fo r m o f t h e c la s s ic a l S t u d e n t r a t io . W h e n X =D N ( µ, σ2 ) ,

t h e n Tn,1 ( X−µ) is h is fa m o u s t-r a n d o m va r ia b le wit h n− 1 d e g r e e s o f fr e e d o m [c f. “ S t u d e n t ”

( 1 9 0 8 ) ]. Cle a r ly, if Tn,1 ( X ) o r Sn/Vn h a s a n a s ym p t o t ic d is t r ib u t io n , t h e n s o d o e s t h e o t h e r ,

a n d it is we ll kn o wn t h a t t h e y c o in c id e ( c f., e .g ., P r o p o s it io n 1 in Gr iffi n ( 2 0 0 2 ) ) . H e n c e ,

u s u a lly, a n d wit h o u t lo s s o f g e n e r a lit y, t h e lim it in g d is t r ib u t io n o f Sn/Vn is s t u d ie d in lie u o f

t h a t o f Tn,1 ( X ) . In fa c t via Th e o r e m 2 a n d Co r o lla r ie s 3 a n d 4 we fo llo w a fu n c t io n a l ve r s io n

o f t h is r o u t e . B a c kt r a c kin g a b it , L o g a n , Ma llo ws , R ic e a n d S h e p p ( 1 9 7 3 ) c o n je c t u r e d t h a t

“ Sn/Vn is a s ym p t o t ic a lly n o r m a l if ( a n d p e r h a p s o n ly if ) X is in t h e d o m a in o f a t t r a c t io n o f

t h e n o r m a l la w” . It is t h e “ o n ly if” p a r t t h a t h a s r e m a in e d o p e n u n t il 1 9 9 7 fo r t h e g e n e r a l

c a s e o f n o t n e c e s s a r ily s ym m e t r ic r a n d o m va r ia b le s , wh e n Gin e , G̈o t z e a n d Ma s o n ( 1 9 9 7 )

p r o ve d t h e fo llo win g r e s u lt .

T heor em A. The following two statements are equivalent:

( i) X is in the domain of attraction of the normal law;

( ii) There exists a finite constant µ such that, as n → ∞, Tn,1 ( X − µ ) →D N ( 0 , 1 ) .

M oreover, if either ( i) or ( ii) holds, then µ = EX.
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Fu r t h e r m o r e , Ch is t ya ko v a n d G¨o t z e ( 2 0 0 4 ) c o n fi r m e d a s e c o n d c o n je c t u r e o f L o g a n e t

a l. ( 1 9 7 3 ) t h a t t h e S t u d e n t t-s t a t is t ic h a s a n o n -t r ivia l lim it in g d is t r ib u t io n if a n d o n ly if

X is in t h e d o m a in o f a t t r a c t io n o f a s t a b le la w wit h s o m e e xp o n e n t α ∈ ( 0 , 2 ]. Ou r n e xt

c o r o lla r y c o n s t it u t e s a S t u d e n t iz e d ve r s io n o f t h e s e lf-n o r m a liz e d r e s u lt s o f Th e o r e m 2 , a n d

Co r o lla r ie s 3 a n d 4 . Th u s it a m o u n t s t o va r io u s o p t im a l fu n c t io n a l e xt e n s io n s o f Th e o r e m

A in ( D[0 , 1 ], ‖/q‖) .

Cor ollar y 5 The results ( a ) , ( b ) of Th e o r e m 2 continue to hold true when EX = µ, with

Tn,t ( X − µ ) replacing S[nt]/Vn in each of the two statements. M utatis mutandis, the same is

true as well in case of Co r o lla r ie s 3 and 4 .

Th is p a p e r is o r g a n iz e d a s fo llo ws . In S e c t io n 2 we p r o vid e p r o o fs o f t h e m a in r e s u lt s .

Th e p r o o f o f P r o p o s it io n 1 , wh ic h is u s e d in t h e p r o o fs o f m a in r e s u lt s , will b e g ive n in

S e c t io n 3 . Fin a lly, in S e c t io n 4 we will d is c u s s we ig h t e d a p p r o xim a t io n s o f s e lf-n o r m a liz e d

p a r t ia l s u m p r o c e s s e s u n d e r t h e o p t im a l c la s s o f we ig h t fu n c t io n s in Lp. Th r o u g h o u t t h e

p a p e r , A,A1, A2, ... d e n o t e c o n s t a n t s wh ic h m a y b e d iffe r e n t a t e a c h a p p e a r a n c e .

In c o n c lu d in g t h is s e c t io n , we m e n t io n s o m e o f t h e p r e vio u s r e s u lt s o n we ig h t e d a p p r o xi-

m a t io n . Th e s t u d y o f we ig h t e d a p p r o xim a t io n s o r ig in a t e s fr o m t h e e a r lie r wo r ks o f A n d e r s o n

a n d D a r lin g ( 1 9 5 2 ) , R ´ e n yi ( 1 9 5 3 ) , Ch ib is o v ( 1 9 6 4 ) , P yke a n d S h o r a c k ( 1 9 6 8 ) a n d O’R e illy

( 1 9 7 4 ) , wh o in ve s t ig a t e d t h e a s ym p t o t ic b e h a vio u r o f we ig h t e d e m p ir ic a l a n d qu a n t ile p r o -

c e s s e s . Th e wo r ks o f t h e s e a u t h o r s we r e la t e r e xt e n t e d b y Cs Cs H M ( 1 9 8 6 ) , S z ys z ko wic z

( 1 9 9 1 , 1 9 9 2 , 1 9 9 6 , 1 9 9 7 ) a n d Cs ¨o r g ˝o , N o r va ǐs a a n d S z ys z ko wic z [Cs N S z ] ( 1 9 9 9 ) . In Cs Cs -

H M ( 1 9 8 6 ) , t h e a u t h o r s e s t a b lis h e d a p p r o xim a t io n s o f e m p ir ic a l a n d qu a n t ile p r o c e s s e s b y

s e qu e n c e s o f B r o wn ia n b r id g e s in we g h t e d s u p r e m u m m e t r ic s fo r t h e o p t im a l c la s s o f we ig h t

fu n c t io n s . S z ys z ko wic z ( 1 9 9 6 , 1 9 9 7 ) d e r ive d s im ila r ly o p t im a l we ig h t e d a p p r o xim a t io n s o f

s t a n d a r d iz e d p a r t ia l s u m p r o c e s s e s in D[0 ,∞) u n d e r fi n it e s e c o n d m o m e n t c o n d it io n s ( c f.

a ls o S z ys z ko wic z ( 1 9 9 1 ) c o n c e r n in g r e la t e d r e s u lt s in D[0 , 1 ]) . Th e p a p e r Cs N S z ( 1 9 9 9 ) e x-

t e n d s t h e r e s u lt s o f S z ys z ko wic z ( 1 9 9 1 , 1 9 9 2 , 1 9 9 6 , 1 9 9 7 ) t o a r b it r a r y p o s it ive we ig h t fu n c -

t io n s q o n ( 0 ,∞] fo r wh ic h lim t↓0,t↑0 |W ( t ) |/q ( t) = 0 a.s., o r lim s u p t↓0,t↑0 |W ( t ) |/q ( t) < ∞ a.s.

Fo r fu r t h e r r e s u lt s o n we ig h t e d a p p r o xim a t io n s fo r e m p ir ic a l, qu a n t ile a n d s t a n d a r d iz e d p a r -

t ia l s u m p r o c e s s e s wit h a p p lic a t io n s t o c h a n g e -p o in t a n a lys is , we r e fe r t o t wo b o o ks o f Cs ¨o r g ˝o

a n d H o r v́a t h ( 1 9 9 3 , 1 9 9 7 ) fo r d e t a ils .
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2 P r oofs of the main r esults

W e fi r s t lis t s e ve r a l le m m a s o f in d e p e n d e n t in t e r e s t t h a t will b e u s e d in t h e p r o o fs o f t h e

m a in r e s u lt s o f S e c t io n 1 . Th e fi r s t r e s u lt is d u e t o S a kh a n e n ko ( 1 9 8 0 , 1 9 8 4 , 1 9 8 5 ) .

Lemma 1 L et X1, X2, ... be independent random variables with EXj = 0 and σ2
j = EX2

j <

∞ for each j ≥ 1 . Then we can redefine {Xj, j ≥ 1 } on a richer probability space together

with a sequence of independent N ( 0 , 1 ) random variables, Yj , j ≥ 1 , such that for every p > 2

and x > 0 ,

P
{

m a x
i≤n

∣

∣

∣

i
∑

j=1

Xj −
i

∑

j=1

σjYj

∣

∣

∣ ≥ x
}

≤ ( Ap) px−p
n
∑

j=1

E|Xj|p,

where A is an absolute positive constant.

Th e n e xt t wo le m m a s a r e d u e t o Cs Cs H M ( 1 9 8 6 ) [c f. L e m m a A .5 .1 a n d Th e o r e m A .5 .1

r e s p e c t ive ly in Cs ¨o r g ˝o a n d H o r v́a t h ( 1 9 9 7 ) ]. P r o o fs o f L e m m a s 2 a n d 3 c a n a ls o b e fo u n d in

S e c t io n 4 .1 o f Cs ¨o r g ˝o a n d H o r v´a t h ( 1 9 9 3 ) . Fo r r e la t e d fu r t h e r r e s u lt s a lo n g t h e s e lin e s we

r e fe r t o Cs ¨o r g ˝o , S h a o a n d S z ys z ko wic z ( 1 9 9 1 ) a n d , fo r s o m e h is t o r ic a l r e fe r e n c e s , t o S e c t io n

2 o f Cs N S z ( 1 9 9 9 ) ( s e e t h e s t a t e m e n t s ( 2 .5 ) , ( 2 .9 ) a n d t h e ir d is c u s s io n in t h e r e ) .

Lemma 2 L et q ( t) ∈ Q. If I ( q, c) < ∞ for some c > 0 , then lim t↓0 t1/2/q ( t) = 0 .

Lemma 3 L et {W ( t) , 0 ≤ t < ∞} be a standard W iener process and q ( t) ∈ Q. Then,

( a ) I ( q, c) < ∞ for any c > 0 if and only if lim s u p t↓0 |W ( t) |/q ( t ) = 0 , a.s.

( b ) I ( q, c) < ∞ for some c > 0 if and only if lim s u p t↓0 |W ( t ) |/q ( t) < ∞, a.s.

W e a r e n o w r e a d y t o p r o ve t h e m a in r e s u lt s o f S e c t io n 1 .

P r oof of T heor em 1. In a d d it io n t o t h e n o t a t io n in S e c t io n 1 , wr it e

X∗
j = XjI(|Xj |≤ηj) a n d S∗

n =
n
∑

j=1

X∗
j .

B y L e m m a 1 , we c a n r e d e fi n e {Xj , j ≥ 1 } o n a r ic h e r p r o b a b ilit y s p a c e t o g e t h e r wit h a

s e qu e n c e o f in d e p e n d e n t N ( 0 , 1 ) r a n d o m va r ia b le s , Yj , j ≥ 1 , s u c h t h a t fo r a n y x > 0 a n d

a n y c o n s t a n t s e qu e n c e cj , j ≥ 1 ,

P
{

m a x
i≤n

∣

∣

∣

i
∑

j=1

cj
(

X∗
j −EX∗

j

)

−
i

∑

j=1

cjσ
∗
jYj

∣

∣

∣ ≥ x
}

≤ Ax−3
n
∑

j=1

|cj|3E|X|3I(|X|≤ηj), ( 1 6 )
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wh e r e σ∗2
j = V ar ( X∗

j ) . L e t {W ( t) , 0 ≤ t < ∞} b e a s t a n d a r d W ie n e r p r o c e s s s u c h t h a t

W ( n ) =
n
∑

j=1

Yj , n = 1 , 2 , 3 , ...

Th e r e s u lt s ( 4 ) -( 6 ) will b e s h o wn t o h o ld t r u e fo r t h e t h is wa y c o n s t r u c t e d W ie n e r p r o c e s s ,

a n d t h e n Th e o r e m 1 fo llo ws a c c o r d in g ly. To p r o ve ( 4 ) -( 6 ) , we n e e d t h e fo llo win g p r o p o s it io n .

P r oposition 1 W e have, as n → ∞,

1

n

n
∑

j=1

( σ∗
j

l1/2 ( ηn )
− 1

)2 → 0 , ( 1 7 )

b−1
n s u p

0≤t≤1

∣

∣

∣S[nt] −
[nt]
∑

j=1

σ∗
jYj

∣

∣

∣ = oP ( 1 ) , ( 1 8 )

b−1
n s u p

0<t≤1

∣

∣

∣S[nt] −
[nt]
∑

j=1

σ∗
jYj

∣

∣

∣

/

t1/2 = OP ( 1 ) . ( 1 9 )

Th e p r o o f o f P r o p o s it io n 1 will b e g ive n in S e c t io n 4 . B y vir t u e o f P r o p o s it io n 1 , we

h a ve t h a t if I ( q, c) < ∞ fo r s o m e c > 0 , t h e n

In := b−1
n s u p

1/n≤t≤1

∣

∣

∣S[nt] −
[nt]
∑

j=1

σ∗
jYj

∣

∣

∣

/

q ( t) = oP ( 1 ) . ( 2 0 )

In d e e d it fo llo ws fr o m ( 1 8 ) a n d ( 1 9 ) t h a t , fo r a n y 0 < δ < 1 ,

In ≤ s u p
1/n≤t≤δ

t1/2/q ( t ) b−1
n s u p

0<t≤1

∣

∣

∣S[nt] −
[nt]
∑

j=1

σ∗
jYj

∣

∣

∣

/

t1/2

+ s u p
δ<t≤1

q−1 ( t ) b−1
n s u p

δ<t≤1

∣

∣

∣S[nt] −
[nt]
∑

j=1

σ∗
jYj

∣

∣

∣

= OP ( 1 ) s u p
1/n≤t≤δ

t1/2/q ( t) + oP ( 1 ) s u p
δ<t≤1

q−1 ( t) .

Th e c la im ( 2 0 ) n o w fo llo ws fr o m L e m m a 2 a n d t h e fa c t t h a t in fδ≤t≤1 q ( t) > 0 fo r a n y δ > 0 .

W e n o w p r o c e e d t o p r o ve ( 4 ) -( 6 ) . Co n s id e r ( 4 ) a n d ( 5 ) fi r s t . W e h a ve

s u p
1/n≤t≤1

∣

∣

∣S[nt]/bn −W ( nt) /
√
n
∣

∣

∣

/

q ( t) ≤ In + I1 ( n) + I2 ( n) , ( 2 1 )

wh e r e I1 ( n) = n−1/2 s u p 1/n≤t≤1

∣

∣

∣W ( [nt]) −W ( nt)
∣

∣

∣

/

q ( t) a n d

I2 ( n) = s u p
1/n≤t≤1

∣

∣

∣b−1
n

[nt]
∑

j=1

σ∗
jYj − n−1/2W ( [nt])

∣

∣

∣

/

q ( t) .
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N o t e t h a t
{

W (nt)−W ([nt])√
nt

, 0 < t ≤ 1
} D

=
{

W ( nt−[nt]
nt

) , 0 < t ≤ 1
}

a n d |nt−[nt]|
nt

≤ 1 fo r 1 /n ≤
t ≤ 1 . S im ila r ly t o t h e p r o o f o f ( 2 0 ) , it fo llo ws t h a t

I1 ( n ) ≤ s u p
1/n≤t≤δ

t1/2/q ( t) s u p
1/n≤t≤δ

∣

∣

∣W ( [nt]) −W ( nt )
∣

∣

∣

/√
nt

+n−1/2 s u p
δ≤t≤1

q−1 ( t) s u p
δ≤t≤1

∣

∣

∣W ( [nt]) −W ( nt)
∣

∣

∣

= oP ( 1 ) , ( 2 2 )

wh e n e ve r I ( q, c) < ∞ fo r s o m e c > 0 . A s t o I2 ( n ) , we h a ve

I2 ( n) ≤ s u p
1/n≤t≤δ

∣

∣

∣b−1
n

[nt]
∑

j=1

σ∗
jYj − n−1/2W ( [nt])

∣

∣

∣

/

q ( t) + II ( n) s u p
δ≤t≤1

q−1 ( t) , ( 2 3 )

fo r a n y δ ∈ ( 0 , 1 ) , wh e r e II ( n ) = m a x1≤k≤n

∣

∣

∣b−1
n

∑k
j=1 σ

∗
jYj − n−1/2 ∑k

j=1 Yj

∣

∣

∣. Fu r t h e r m o r e ,

II ( n) = oP ( 1 ) , s in c e it fo llo ws fr o m ( 1 7 ) t h a t , a s n → ∞,

E[II ( n) ]2 ≤ 1

n
E m a x

1≤k≤n

∣

∣

∣

k
∑

j=1

( σ∗
j

l1/2 ( ηn )
− 1

)

Yj

∣

∣

∣

2 ≤ 1

n

n
∑

j=1

( σ∗
j

l1/2 ( ηn )
− 1

)2 → 0 .

In vie w o f ( 2 0 ) -( 2 3 ) , t h e r e s u lt s ( 4 ) a n d ( 5 ) will fo llo w if we p r o ve

I
(1)
2 ( n, δ ) := s u p

1/n≤t≤δ

∣

∣

∣b−1
n

[nt]
∑

j=1

σ∗
jYj − n−1/2W ( [nt])

∣

∣

∣

/

q ( t)

=

{

oP ( 1 ) if I ( q, c) < ∞ fo r a n y c > 0 ,
OP ( 1 ) if I ( q, c) < ∞ fo r s o m e c > 0 ,

( 2 4 )

b y le t t in g n → ∞ fi r s t a n d t h e n δ ↓ 0 . In o r d e r t o p r o ve ( 2 4 ) , le t δ > 0 b e s m a ll e n o u g h ,

s o t h a t q ( t) is a lr e a d y n o n d e c r e a s in g o n ( 0 , δ ) a n d le t n b e s u c h t h a t 1 /n < δ. S in c e

σ∗
j ≤

(

EX2I(|X|≤ηj)

)1/2 ≤ l1/2 ( ηn ) , 1 ≤ j ≤ n, we h a ve 1
n

∑[nt]
j=1

( σ∗

j

l1/2(ηn)
− 1

)2 ≤ t, fo r

t ∈ [0 , 1 ]. On t h e o t h e r h a n d , fo r e a c h n ≥ 1 ,






n−1/2
[nt]
∑

j=1

( σ∗
j

l1/2 ( ηn )
− 1

)

Yj , 0 < t ≤ 1







D
=







W
( 1

n

[nt]
∑

j=1

( σ∗
j

l1/2 ( ηn )
− 1

)2)

, 0 < t ≤ 1







.

N o w it is r e a d ily s e e n t h a t

I
(1)
2 ( n, δ )

D
= s u p

1/n≤t≤δ

∣

∣

∣W
( 1

n

[nt]
∑

j=1

( σ∗
j

l1/2 ( ηn )
− 1

)2)∣
∣

∣

/

q ( t)

≤ s u p
1/n≤t≤δ

∣

∣

∣W
( 1

n

[nt]
∑

j=1

( σ∗
j

l1/2 ( ηn )
− 1

)2)∣
∣

∣

/

q
( 1

n

[nt]
∑

j=1

( σ∗
j

l1/2 ( ηn )
− 1

)2)

≤ s u p
0<t≤δ

∣

∣

∣W ( t) |/q ( t) . ( 2 5 )

1 0



Th is , t o g e t h e r wit h L e m m a 3 , im p lie s ( 2 4 ) . Th e p r o o fs o f ( 4 ) a n d ( 5 ) is n o w c o m p le t e .

W e n e xt p r o ve ( 6 ) . S im ila r ly t o t h e p r o o fs o f ( 4 ) a n d ( 5 ) , it s u ffi c e s t o s h o w t h a t t h e r e

e xis t s a s e qu e n c e o f p o s it ive c o n s t a n t s τn → 0 s u c h t h a t if I ( q, c) < ∞ fo r s o m e c > 0 , t h e n

s u p
τn≤t≤δ

∣

∣

∣b−1
n

[nt]
∑

j=1

σ∗
jYj − n−1/2W ( [nt])

∣

∣

∣

/

q ( t) = oP ( 1 ) , ( 2 6 )

wh e n n → ∞ fi r s t a n d t h e n δ ↓ 0 . In fa c t , in vie w o f ( 1 7 ) , t h e r e e xis t s a s e qu e n c e o f p o s it ive

c o n s t a n t s κn → ∞ s o t h a t

κn

n

n
∑

j=1

( σ∗
j

l1/2 ( ηn )
− 1

)2 → 0 , a s n → ∞.

Th is im p lie s t h a t fo r a n y ǫ > 0 ,

1

nt

[nt]
∑

j=1

( σ∗
j

l1/2 ( ηn )
− 1

)2 ≤ κn

n

n
∑

j=1

( σ∗
j

l1/2 ( ηn )
− 1

)2 ≤ ǫ2,

wh e n e ve r 1 /κn ≤ t ≤ 1 a n d n is la r g e e n o u g h . L e t τn = 1 /κn a n d δ b e s m a ll e n o u g h s o t h a t

q ( t) is n o n d e c r e a s in g o n ( 0 , δ ) . Th e n τn → 0 a n d , s im ila r ly t o t h e p r o o f o f ( 2 5 ) , we h a ve

t h a t if I ( q, c) < ∞ fo r s o m e c > 0 , t h e n

s u p
τn≤t≤δ

∣

∣

∣n−1/2
[nt]
∑

j=1

( σ∗
j

l1/2 ( ηn )
− 1

)

Yj

∣

∣

∣

/

q ( t )

D
= s u p

τn≤t≤δ

∣

∣

∣W
( 1

n

[nt]
∑

j=1

( σ∗
j

l1/2 ( ηn )
− 1

)2)∣
∣

∣

/

q ( t )

D
= s u p

τn≤t≤δ

∣

∣

∣ǫW
(

1
nǫ2

∑[nt]
j=1

(
σ∗

j

l1/2(ηn)
− 1

)2)∣
∣

∣

q
(

1
nǫ2

∑[nt]
j=1

( σ∗

j

l1/2(ηn)
− 1

)2)

q
(

1
nǫ2

∑[nt]
j=1

(
σ∗

j

l1/2(ηn)
− 1

)2)

q ( t )

≤ ǫ s u p
0<t≤δ

∣

∣

∣W ( t ) |/q ( t) = ǫOP ( 1 ) . ( 2 7 )

Th is yie ld s ( 2 6 ) a n d h e n c e t h e p r o o f o f ( 6 ) . Th e p r o o f o f Th e o r e m 1 is n o w c o m p le t e .

P r oof of Cor ollar y 1. W e o n ly s h o w p a r t ( c ) fo llo win g fr o m p a r t ( a ) . Cle a r ly, ( c )

im p lie s ( b ) , a n d t h a t , in t u r n , ( a ) . In fa c t , u n d e r t h e c o n d it io n s t h a t X ∈ D A N a n d EX = 0 ,

it fo llo ws fr o m Th e o r e m 1 a n d L e m m a 3 t h a t

s u p
0<t≤1

∣

∣

∣S[nt]/bn −W ( nt) /
√
n
∣

∣

∣

/

q ( t)

≤ s u p
0<t<1/n

∣

∣

∣n−1/2W ( nt )
∣

∣

∣

/

q ( t) + s u p
1/n≤t≤1

∣

∣

∣S[nt]/bn −W ( nt) /
√
n
∣

∣

∣

/

q ( t)

= oP ( 1 ) ,

1 1



if I ( q, c) < ∞ fo r a n y c > 0 . Th is s h o ws s u ffi c ie n c y o f p a r t ( c ) . N o t in g t h a t s u p 0<t≤1

∣

∣

∣S[nt]/Vn−
W ( nt) /

√
n
∣

∣

∣

/

q ( t) ≥ s u p 0<t<1/n

∣

∣

∣n1/2W ( nt)
∣

∣

∣

/

q ( t) , t h e n e c e s s it y o f p a r t ( c ) fo llo w a s in S z ys z ko w-

ic z ( 1 9 9 6 ) ( p a g e s 3 3 1 -3 3 2 ) . H e n c e we o m it t h e s e d e t a ils . Th e p r o o f o f Co r o lla r y 1 is n o w

c o m p le t e .

P r oof of Cor ollar y 2. If o n e o f ( 1 0 ) a n d ( 1 1 ) h o ld s , t h e n

s u p
0<t≤1

∣

∣

∣W ( t ) /q ( t)
∣

∣

∣ < ∞ a.s., ( 2 8 )

fo r a n y s t a n d a r d W ie n e r p r o c e s s . Co n s e qu e n t ly, L e m m a 3 im p lie s t h a t I ( q, c) < ∞ fo r s o m e

c > 0 .

N e xt we a s s u m e I ( q, c) < ∞ fo r s o m e c > 0 . B y L e m m a 3 a g a in , we g e t ( 2 8 ) . Th e n ,

c le a r ly a s n → ∞, we h a ve t h a t

s u p
τn≤t≤1

|W ( t ) |/q ( t) →D s u p
0<t≤1

|W ( t) |/q ( t) ,

wh ic h , t o g e t h e r wit h p a r t ( c ) o f Th e o r e m 1 , im p lie s ( 1 0 ) .

W e n e xt p r o ve ( 1 1 ) . R e c a llin g ( 2 0 ) , we h a ve

b−1
n s u p

0<t≤1

∣

∣

∣S[nt]

∣

∣

∣

/

q ( t) ≤ s u p
1/n≤t≤1

∣

∣

∣b−1
n

[nt]
∑

j=1

σ∗
jYj

∣

∣

∣

/

q ( t ) + oP ( 1 ) . ( 2 9 )

S in c e σ∗2
j ≤ EX2I(|X|≤ηj) = l ( ηj ) , it c a n b e e a s ily s e e n t h a t b−2

n

∑[nt]
j=1 σ

∗2
j ≤ t fo r t ∈ ( 0 , 1 ].

Th is , t o g e t h e r wit h t h e fa c t t h a t q ( t ) is n o n d e c r e a s in g o n ( 0 , 1 ], yie ld s t h a t

s u p
1/n≤t≤1

∣

∣

∣b−1
n

[nt]
∑

j=1

σ∗
jYj

∣

∣

∣

/

q ( t)
D
= s u p

1/n≤t≤1

∣

∣

∣W
(

b−2
n

[nt]
∑

j=1

σ∗2
j

)∣

∣

∣

/

q ( t)

≤ s u p
1/n≤t≤1

∣

∣

∣W
(

b−2
n

[nt]
∑

j=1

σ∗2
j

)∣

∣

∣

/

q
(

b−2
n

[nt]
∑

j=1

σ∗2
j

)

≤ s u p
0<t≤1

∣

∣

∣W ( t) |/q ( t ) . ( 3 0 )

It fo llo ws fr o m ( 2 9 ) a n d ( 3 0 ) t h a t fo r a n y x ≥ 0

lim
n→∞P

(

b−1
n s u p

0<t≤1

∣

∣

∣S[nt]

∣

∣

∣

/

q ( t) ≤ x

)

≥ P

(

s u p
0<t≤1

∣

∣

∣W ( t) |/q ( t ) ≤ x

)

.

On t h e o t h e r h a n d , ( 1 0 ) a n d t h e fa c t t h a t τn > 0 o b vio u s ly im p ly t h a t fo r a n y x ≥ 0

lim
n→∞P

(

b−1
n s u p

0<t≤1

∣

∣

∣S[nt]

∣

∣

∣

/

q ( t ) ≤ x

)

≤ lim
n→∞P

(

b−1
n s u p

τn≤t≤1

∣

∣

∣S[nt]

∣

∣

∣

/

q ( t) ≤ x

)

= P

(

s u p
0<t≤1

∣

∣

∣W ( t ) |/q ( t) ≤ x

)

.

1 2



Th e r e fo r e , we g e t t h e d e s ir e d ( 1 1 ) . Th is a ls o c o m p le t e t h e p r o o f o f Co r o lla r y 2 .

P r oof of (7). L e t u s c o n s id e r i.i.d . s ym m e t r ic r a n d o m va r ia b le s X,X1, X2, ... s a t is fyin g

EX2I(|X|≤x) = 0 , fo r x ≤ 1 , a n d

l ( x) = EX2I(|X|≤x) ∼ e xp ( ( lo g x) α ) , fo r x > 1 , ( 3 1 )

wh e r e 0 < α < 1 . Th e n l ( x ) is a s lo wly va r yin g fu n c t io n a t ∞. H e n c e , EX = 0 a n d X is in

t h e d o m a in o f a t t r a c t io n o f t h e n o r m a l la w. A lo n g t h e p r o o f a n d t h e n o t a t io n s o f Th e o r e m 1 ,

a s t a n d a r d W ie n e r p r o c e s s {W ( t) , 0 ≤ t < ∞} c a n b e c o n s t r u c t e d s u c h t h a t ( 6 ) h o ld s a n d

s u p
1/n≤t≤1

∣

∣

∣S[nt]/bn −W ( nt) /
√
n
∣

∣

∣

/

q ( t)

≥ s u p
1/n≤t≤1

∣

∣

∣b−1
n

[nt]
∑

j=1

σ∗
jYj − n−1/2W ( nt)

∣

∣

∣

/

q ( t) − I ( n )

≥ s u p
1/n≤t≤1/

√
n

∣

∣

∣b−1
n

[nt]
∑

j=1

σ∗
jYj − n−1/2W ( nt)

∣

∣

∣

/

q ( t) − I ( n )

≥ s u p
1/n≤t≤1/

√
n

∣

∣

∣n−1/2W ( nt)
∣

∣

∣

/

q ( t) − s u p
1/n≤t≤1/

√
n

∣

∣

∣b−1
n

[nt]
∑

j=1

σ∗
jYj

∣

∣

∣

/

q ( t) − I ( n ) ,

wh e r e I ( n) is d e fi n e d a s in ( 2 0 ) . N o t in g t h a t q2 ( t ) = t lo g lo g ( t−1 ) s a t is fi e s I ( q, 2 ) < ∞,

I ( n) = oP ( 1 ) . S o , t o s h o w ( 7 ) , it s u ffi c e s t o s h o w t h a t

s u p
1/n≤t≤1/

√
n

∣

∣

∣n−1/2W ( nt)
∣

∣

∣

/

q ( t)
D
= s u p

1/n≤t≤1/
√
n

∣

∣

∣W ( t)
∣

∣

∣

/

q ( t) �= oP ( 1 ) ( 3 2 )

wit h q2 ( t ) = t lo g lo g ( t−1 ) , a n d if I ( q, c) < ∞ fo r s o m e c > 0 , t h e n

s u p
1/n≤t≤1/

√
n

∣

∣

∣b−1
n

[nt]
∑

j=1

σ∗
jYj

∣

∣

∣

/

q ( t) = oP ( 1 ) . ( 3 3 )

W e fi r s t p r o ve ( 3 3 ) . Fo r t h e l ( x) d e fi n e d in ( 3 1 ) , it c a n b e e a s ily s h o wn t h a t , fo r n la r g e

e n o u g h , ηn ≥ √
n a n d m a x1≤j≤√

n ηj ≤ (
√
n )

3/5
. H e n c e ,

m a x
1≤j≤√

n
l ( ηj ) /l ( ηn ) ≤ 2 e xp

[

( 0 .3 α − 0 .5 α ) ( lo g n) α
]

→ 0 , a s n → ∞.

Th is , t o g e t h e r wit h σ∗2
j ≤ l ( ηj ) , yie ld s t h a t , a s n → ∞,

1

tb2n

[nt]
∑

j=1

σ∗2
j ≤ 1

nt

[nt]
∑

j=1

l ( ηj )

l ( ηn )
→ 0 ,

1 3



wh e n e ve r 1 /n ≤ t ≤ √
n. N o w, a m e t h o d t h a t is s im ila r t o ( 2 7 ) s h o ws t h a t

s u p
1/n≤t≤1/

√
n

∣

∣

∣b−1
n

[nt]
∑

j=1

σ∗
jYj

∣

∣

∣

/

q ( t )
D
= s u p

1/n≤t≤1/
√
n

∣

∣

∣W
(

b−2
n

[nt]
∑

j=1

σ∗2
j

)∣

∣

∣

/

q ( t) = oP ( 1 ) ,

wh ic h im p lie s ( 3 3 ) .

N e xt we p r o ve ( 3 2 ) . In fa c t , if ( 3 2 ) is n o t t r u e , i.e ., if

s u p
1/n≤t≤1/

√
n

∣

∣

∣W ( t)
∣

∣

∣

/

q ( t) = oP ( 1 ) ,

t h e n t h e r e e xis t s a n 0 < ǫ ≤ 1 / 4 s u c h t h a t

P

(

s u p
1/n≤t≤1/

√
n

∣

∣

∣W ( t)
∣

∣

∣

/

q ( t) ≤ ǫ1/2/ 2

)

≥ 1 / 2 .

H e n c e , fo llo win g t h e p r o o f o f ( 4 .1 .1 4 ) in Cs ¨o r g ˝o a n d H o r v´a t h ( 1 9 9 3 , p a g e 1 8 5 ) , we h a ve , fo r

q2 ( t) = t lo g lo g ( t−1 ) , a s n → ∞,

0 ← P

(

s u p
1/n≤t≤1/

√
n

∣

∣

∣W ( t)
∣

∣

∣

/

q ( t) > ǫ1/2/ 2

)

≥ 1

4

∫ 1/
√
n

1/n

1

t
e xp

(

− 2 ǫq2 ( t) /t
)

dt

≥ 1

4

∫ 1/
√
n

1/n

1

t
e xp

(

− 2 −1 lo g lo g ( t−1 )
)

dt

≥ 1

2

(

1 − 1√
2

)

( lo g n) 1/2 → ∞.

Th is is a c o n t r a d ic t io n , wh ic h im p lie s t h a t ( 3 2 ) h o ld s . Th e p r o o f o f ( 7 ) is n o w c o m p le t e .

P r oof of T heor em 2. It fo llo ws fr o m ( 5 ) t h a t if I ( q, c) < ∞ fo r s o m e c > 0 , t h e n

b−1
n s u p

1/n≤t≤1
|S[nt]|

/

q ( t) ≤ s u p
1/n≤t≤1

n−1/2|W ( nt) |
/

q ( t)

+ s u p
1/n≤t≤1

∣

∣

∣S[nt]/bn −W ( nt) /
√
n
∣

∣

∣

/

q ( t) = OP ( 1 ) .

Th is , t o g e t h e r wit h ( 1 2 ) , yie ld s t h a t

s u p
1/n≤t≤1

∣

∣

∣S[nt]/Vn − S[nt]/bn
∣

∣

∣

/

q ( t) ≤
∣

∣

∣

bn
Vn

− 1
∣

∣

∣ b−1
n s u p

1/n≤t≤1
|S[nt]|

/

q ( t) = oP ( 1 ) , ( 3 4 )

wh e n e ve r I ( q, c) < ∞ fo r s o m e c > 0 . Th e o r e m 2 n o w fo llo ws im m e d ia t e ly fr o m ( 3 4 ) a n d

Th e o r e m 1 .

P r oofs of Cor ollar ies 3-5. In vie w o f Th e o r e m 2 , t h e p r o o fs o f Co r o lla r ie s 3 -5 a r e t h e

s a m e a s in t h e p r o o fs o f Co r o lla r ie s 1 a n d 2 a n d h e n c e t h e d e t a ils a r e o m it t e d .
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3 P r oofs of P r oposition 1

W e o n ly p r o ve ( 1 9 ) . Th e r e s u lt ( 1 7 ) c a n b e fo u n d in Cs S z W ( 2 0 0 3 , p a g e 1 2 3 5 t h e r e ) a n d

t h e r e s u lt ( 1 8 ) fo llo ws fr o m s im ila r a r g u m e n t s . L e t

Zj = X∗
j −EX∗

j − σ∗
jYj , j = 1 , 2 , ...,

a n d wr it e η0 = 0 . N o t e t h a t η2j ≤ ( j + 1 ) l ( ηj ) a n d l ( ηn ) =
∑n

k=1 EX2I(ηk−1<|X|≤ηk). It fo llo ws

fr o m t h e S h o r a c k a n d S m yt h e in e qu a lit y ( c f. S h o r a c k a n d W e lle r , 1 9 8 6 , p . 8 4 4 ) , ( 1 6 ) wit h

cj = 1 /j1/2 t h a t , fo r a n y C > 0 ,

P



 s u p
1/n≤t≤1

∣

∣

∣

[nt]
∑

j=1

Zj

∣

∣

∣

/

t1/2 ≥ C bn





≤ P



 m a x
1≤k≤n

∣

∣

∣( k/n) −1/2
k
∑

j=1

Zj

∣

∣

∣ ≥ C bn





≤ P



 m a x
1≤k≤n

∣

∣

∣

k
∑

j=1

j−1/2Zj

∣

∣

∣ ≥ 2 −1C bn/
√
n





≤ A

(

2
√
n

C bn

)3 n
∑

j=1

j−3/2E|X|3I(|X|≤ηj)

≤ AC−3l−3/2 ( ηn )
n
∑

k=1

k−1/2E|X|3I(ηk−1<|X|≤ηk)

≤ AC−3l−3/2 ( ηn )
n
∑

k=1

l1/2 ( ηk ) E|X|2I(ηk−1<|X|≤ηk)

≤ AC−3.

Th is yie ld s

J1n := b−1
n s u p

1/n≤t≤1

∣

∣

∣

[nt]
∑

j=1

Zj

∣

∣

∣

/

t1/2 = OP ( 1 ) . ( 3 5 )

S im ila r ly, b y n o t in g t h a t l ( ηn ) =
∑n

k=1 EX2I(ηk−1<|X|≤ηk) a n d E|X|I(|X|>ηn) = o( η−1
n l ( ηn ) ) =

o( bn/n) [s e e L e m m a 1 o f Cs S z W ( 2 0 0 3 ) fo r e xa m p le ], it fo llo ws fr o m ( 7 ) in Cs S z W ( 2 0 0 3 )

wit h aj = EX2I(ηj−1<|X|≤ηj) t h a t

P



 s u p
1/n≤t≤1

∣

∣

∣

[nt]
∑

j=1

( Xj −X∗
j + EX∗

j )
∣

∣

∣

/

t1/2 ≥ C bn
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≤ P



 m a x
1≤k≤n

k
∑

j=1

1

j1/2

(

|Xj|I(|Xj |>ηj) + E|Xj|I(|Xj |>ηj)

)

≥ Cbn/n
1/2





≤ 2 n1/2

Cbn

n
∑

k=1

1

k1/2
E|X|I(|X|>ηk)

≤ 2 n

Cbn
E|X|I(|X|>ηn) +

2 C−1

l1/2 ( ηn )

n
∑

k=1

1

k1/2
E|X|I(ηk<|X|≤ηn)

≤ AC−1 +
2 C−1

l1/2 ( ηn )

n
∑

k=1

η−1/2 ( ηk ) E|X|2I(ηk<|X|≤ηk+1)

≤ AC−1.

Th is yie ld s

J2n := b−1
n s u p

1/n≤t≤1

∣

∣

∣

[nt]
∑

j=1

( Xj −X∗
j + EX∗

j )
∣

∣

∣

/

t1/2 = OP ( 1 ) . ( 3 6 )

Co m b in in g t h e e s t im a t e s ( 3 5 ) a n d ( 3 6 ) , we o b t a in

b−1
n s u p

0<t≤1

∣

∣

∣S[nt] −
[nt]
∑

j=1

σ∗
jYj

∣

∣

∣

/

t1/2 ≤ J1n + J2n = OP ( 1 ) ,

wh ic h im p lie s ( 1 9 ) . Th e p r o o f o f P r o p o s it io n 1 is c o m p le t e .

4 Lp-appr oximations of weighted self-nor malized pr o-

cesses

N o t in g t h a t lim s u p t↓0 |W ( t) |/t1/2 = ∞ a.s., it is im p o s s ib le t o e xt e n d Th e o r e m 2 a n d it s

c o r o lla r ie s t o t h e we ig h t fu n c t io n q ( t) = t1/2. H o we ve r , d u e t o t h e fi n it e n e s s o f t h e in t e -

g r a l
∫ 1
0 |W ( t) |/t1/2dt, s u c h a we ig h t fu n c t io n is a n im m e d ia t e c a n d id a t e fo r we ig h t e d L1-

a p p r o xim a t io n . W e s t ill u s e Q t o d e n o t e t h e c la s s o f t h o s e p o s it ive fu n c t io n s o n ( 0 , 1 ] fo r

wh ic h q ( t ) is n o n d e c r e a s in g n e a r z e r o . Th e m a in p u r p o s e o f t h is s e c t io n is t o e s t a b lis h

Lp-a p p r o xim a t io n s o f we ig h t e d s e lf-n o r m a liz e d p a r t ia l s u m p r o c e s s e s , a n d t h u s t o e xt e n d

Th e o r e m 1 .1 o f S z ys z ko wic z ( 1 9 9 3 ) t h a t is b a s e d o n a s s u m in g t wo m o m e n t s wh e n wo r kin g

wit h s t a n d a r d iz e d p a r t ia l s u m s .

T heor em 3 L et q ∈ Q and 0 < p < ∞. L et EX = 0 and X be in the domain of attraction

of the normal law. Then the following statements hold true.
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( a ) On an appropriate probability space for the i.i.d. random variables X,X1, X2, ..., we

can construct a standard W iener process {W ( t ) , 0 ≤ t < ∞} such that, as n → ∞,

∫ 1

0

∣

∣

∣V −1
n S[nt] − n−1/2W ( nt)

∣

∣

∣

p/

q ( t) dt = oP ( 1 ) ( 3 7 )

if and only if

∫ 1

0+
tp/2/q ( t) dt < ∞. ( 3 8 )

( b ) L et {W ( t ) , 0 ≤ t < ∞} be a standard W iener process. Then, as n → ∞,

∫ 1

0

∣

∣

∣V −1
n S[nt]

∣

∣

∣

p/

q ( t) dt →D

∫ 1

0

∣

∣

∣W ( t )
∣

∣

∣

p/

q ( t) dt ( 3 9 )

if and only if ( 3 8 ) holds.

It is o f in t e r e s t t o c a ll a t t e n t io n t o t h e fa c t t h a t ( a ) a n d ( b ) a r e e qu iva le n t u n d e r t h e

c o n d it io n s o f Th e o r e m 3 . Th u s , u n like in t h e c a s e o f Th e o r e m 2 versus h a vin g a ls o Co r o lla r y

4 in a d d it io n t o Co r o lla r y 3 , in Lp we h a ve ( a ) a n d ( b ) fo r t h e s a m e c la s s o f we ig h t fu n c t io n s .

In t h e p r o o f o f Th e o r e m 3 we m a ke u s e o f t h e fo llo win g r e s u lt , wh ic h is a c o n s e qu e n c e o f

Co r o lla r y 2 .1 o f Cs ¨o r g ˝o , H o r v́a t h a n d S h a o ( 1 9 9 3 ) .

Lemma 4 L et {W ( t) , 0 ≤ t < ∞} be a standard W iener process, 0 < p < ∞, and assume

that q is a positive function on ( 0 , 1 ]. Then ( 3 8 ) holds if and only if

∫ 1

0+
|W ( t) |p/q ( t) dt < ∞ a.s. ( 4 0 )

W e n o w t u r n t o t h e p r o o f o f Th e o r e m 3 .

P roof. W e fi r s t s h o w ( a ) . If ( 3 7 ) is s a t is fi e d , t h e n

∫ 1/n

0

∣

∣

∣n−1/2W ( nt)
∣

∣

∣

p/

q ( t) dt
D
=

∫ 1/n

0

∣

∣

∣W ( t)
∣

∣

∣

p/

q ( t) dt = oP ( 1 ) .

Th e r e fo r e , fo llo win g t h e p r o o f o f Th e o r e m 1 .1 o f S z ys z ko wic z ( 1 9 9 3 ) , we h a ve ( 4 0 ) , a n d h e n c e

a ls o ( 3 8 ) , via L e m m a 4 .

W e n o w p r o ve t h a t ( 3 8 ) im p lie s ( 3 7 ) . S t ill u s in g t h e n o t a t io n s in t h e p r o o f o f Th e o r e m

1 , it c a n b e e a s ily s e e n t h a t fo r δ ∈ ( 0 , 1 ) ,

1 7



∫ 1

0

∣

∣

∣V −1
n S[nt] − n−1/2W ( nt)

∣

∣

∣

p/

q ( t) dt

≤
∫ 1

δ

∣

∣

∣V −1
n S[nt] − n−1/2W ( nt)

∣

∣

∣

p/

q ( t ) dt

+

(

bn
Vn

)p ∫ δ

1/n

∣

∣

∣b−1
n

(

S[nt] − ( S∗
[nt] − ES∗

[nt] )
) ∣

∣

∣

p/

q ( t) dt

+

(

bn
Vn

)p ∫ δ

1/n

∣

∣

∣b−1
n

(

S∗
[nt] −ES∗

[nt]

)

− b−1
n

[nt]
∑

j=1

σ∗
jYj

∣

∣

∣

p/

q ( t) dt

+

(

bn
Vn

)p ∫ δ

1/n

∣

∣

∣b−1
n

[nt]
∑

j=1

σ∗
jYj

∣

∣

∣

p/

q ( t) dt +
∫ δ

0

∣

∣

∣n−1/2W ( nt)
∣

∣

∣

p/

q ( t) dt

:= II1 ( n) + II2 ( n) + II3 ( n) + II4 ( n) + II5 ( n) . ( 4 1 )

B y Th e o r e m 2 , we h a ve

II1 ( n) ≤ s u p
0≤t≤1

∣

∣

∣V −1
n S[nt] − n−1/2W ( nt)

∣

∣

∣

p
∫ 1

δ
1
/

q ( t) dt

= oP ( 1 ) , fo r a n y δ ∈ ( 0 , 1 ) . ( 4 2 )

B y ( 1 2 ) a n d ( 3 6 ) , it fo llo ws t h a t

II2 ( n) ≤
(

bn
Vn

)p

( J2n ) p
∫ δ

1/n
tp/2

/

q ( t) dt = OP ( 1 )
∫ δ

0
tp/2

/

q ( t) dt. ( 4 3 )

S im ila r ly, b y ( 1 2 ) a n d ( 3 5 ) , we g e t

II3 ( n ) ≤
(

bn
Vn

)p

( J1n ) p
∫ δ

1/n
tp/2

/

q ( t ) dt = OP ( 1 )
∫ δ

0
tp/2

/

q ( t) dt. ( 4 4 )

L e t δ b e s m a ll e n o u g h s o t h a t q is a lr e a d y n o n d e c r e a s in g o n ( 0 , δ ) . S im ila r ly t o t h e p r o o f o f

( 3 0 ) , we h a ve

∫ δ

1/n

∣

∣

∣b−1
n

[nt]
∑

j=1

σ∗
jYj

∣

∣

∣

/

q ( t) dt
D
=

∫ δ

1/n

∣

∣

∣W
( 1

n

[nt]
∑

j=1

σ∗2
j

l ( ηn )

)∣

∣

∣

/

q ( t) dt

≤
∫ δ

1/n

∣

∣

∣W
( 1

n

[nt]
∑

j=1

σ∗2
j

l ( ηn )

)∣

∣

∣

/

q
( 1

n

[nt]
∑

j=1

σ∗2
j

l ( ηn )

)

dt.

Th is , t o g e t h e r wit h ( 1 2 ) , im p lie s t h a t

II4 ( n) = OP ( 1 )
∫ δ

0

∣

∣

∣W
( 1

n

[nt]
∑

j=1

σ∗2
j

l ( ηn )

)∣

∣

∣

/

q
( 1

n

[nt]
∑

j=1

σ∗2
j

l ( ηn )

)

dt. ( 4 5 )
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W e a ls o h a ve fo r e a c h n

II5 ( n)
D
=

∫ δ

0

∣

∣

∣W ( t )
∣

∣

∣

p/

q ( t) dt. ( 4 6 )

Ta kin g n → ∞ a n d t h e n δ a r b it r a r ily s m a ll, o n u s in g ( 3 8 ) via L e m m a 4 , b y ( 4 1 ) -( 4 6 ) we

a r r ive a t ( 3 7 ) .

W e n e xt s h o w ( b ) . If ( 3 9 ) h o ld s t r u e , t h e n c le a r ly we h a ve ( 4 0 ) a n d h e n c e a ls o ( 3 8 ) b y

L e m m a 4 . Co n ve r s e ly, we n o w a s s u m e ( 3 8 ) . S in c e q is a p o s it ive fu n c t io n o n ( 0 , 1 ], it fo llo ws

fr o m Th e o r e m 2 t h a t , a s n → ∞,
∫ 1

δ

∣

∣

∣V −1
n S[nt]

∣

∣

∣

p/

q ( t) dt →D

∫ 1

δ

∣

∣

∣W ( t)
∣

∣

∣

p/

q ( t) dt

fo r a ll δ ∈ ( 0 , 1 ) . On u s in g ( 3 8 ) , b y L e m m a 4 we c o n c lu d e t h a t

lim
δ↓0

∫ δ

0

∣

∣

∣W ( t)
∣

∣

∣

p/

q ( t) dt = 0 a.s.

¿Fr o m h e r e o n , m u t a t is m u t a n d is , t h e p r o o f fo llo ws s im ila r ly t o t h a t o f p r o vin g ( iii) o f

Th e o r e m 1 .1 o f Cs ¨o r g ˝o , H o r v́a t h a n d S h a o ( 1 9 9 3 ) .

Th is c o m p le t e s t h e p r o o f o f Th e o r e m 3 .
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